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The torsional modes of a chain molecule were studied recently under the assumption that it 
has a well defined spatial configuration at any time. Here we show how the averages over the 
possible configurations, for a distribution in thermal equilibrium, should be performed in the 
calculation of the thermodynamical properties. Our results show that the mean density of 
torsional states increases in the low frequency region with increasing temperature. The specific 
heat behaviour shows a considerable difference from the result obtained in the previous paper, 
where only the lowest energetic configuration was considered. The consequences of this result 
with respect to the configurational properties of polymer molecules near the 6 temperature are 
discussed. 

I. Introduction 

In a recent publ ica t ion [1], two of us (C. S. and 
J .N. ) have ob ta ined a system of equa t ions of 
mot ion for the degrees of f r e e d o m of the s t a n d a r d 
model [2] of a po lymer molecule , consist ing of a 
chain of A masses (monomers) . The f u n d a m e n t a l 
assumption was tha t at any given t ime the mo lecu le 
can be described as being in an oscil latory s ta te , 
with the angular coordinates of t he bonds osci l la t ing 
around a well de f ined conf igura t ion , charac te r ized 
by a set of m in ima of the potent ia l energy. In the 
case of molecules in solution, f r equen t j u m p s occur 
f rom one configurat ion to a n o t h e r [3]. T h e a b o v e 
assumption corresponds then to saying tha t if co0 is 
a typical oscillation f requency and r R a typical 
relaxation t ime between conf igura t ions , then 
a>Q rR > 1. This is indeed the case for most of the 
situations of interest [4], For a po lymer so lu t ion in 
thermal equi l ibr ium, the molecules are d i s t r ibu ted 
in an enormous variety of dis t inct conf igura t ions , 
and the outcome of any m e a s u r e m e n t is the result of 
an average over all configurat ions. The p u r p o s e of 
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this paper is to show how to p e r f o r m this average in 
order to obta in the quant i t ies of interest. 

We make the present paper se l f -conta ined by 
repeat ing briefly the essential points of [1]. As we 
will see below, the equa t ions of m o t i o n are wr i t ten 
in terms of a conf igura t ion d e p e n d e n t " m a s s 
tensor", f rom whose eigenvalues one ob ta ins the 
normal f requencies . A "densi ty of s ta tes" is then 
def ined for this conf igura t ion as the n u m b e r of 
normal f requencies in a small interval Aco, d iv ided 
by Aco. In [1] this was calculated explicitly for a very 
special conf igura t ion with all bonds in the t rans 
conformat ion (^ = 0 ° ) . In the m o r e realist ic case of 
molecules in the rmal equ i l ib r ium, the canonica l 
average over conf igura t ions of the densi ty of states, 
to be in t roduced below, is a m o r e i m p o r t a n t q u a n -
tity. The plan of the pape r is the fol lowing: in Sect. 
II we derive the equa t ions of mo t ion and ob ta in the 
normal f requencies for an a rb i t ra ry conf igura t ion . 
In Sect. Ill we in t roduce the p rocedu re for averag-
ing over a canonical d is t r ibut ion of conf igura t ions . 
This method is app l i ed in Sect. IV to calculate the 
contr ibut ion of the normal m o d e s to the specif ic 
heat. In Sect. V we in t roduce the average densi ty of 
states, s tudying its t empe ra tu r e d e p e n d e n c e and the 
consequences of this dependence on the fo rm of the 
specific heat. In add i t ion we discuss the present 
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method in c o m p a r i s o n wi th the usual p a t h in tegra l 
a p p r o a c h to the p r o b l e m . 

II. Equations of Mot ion and Normal Frequencies 

Here we give only the essential aspec t s of t h e 
model , and of the de r iva t ion of the e q u a t i o n s of 
mot ion , refer ing the r eade r w h o asks fo r m o r e 
detai ls to Sects. II and III of [1]. T h e m o d e l mo le -
cule consists of a cha in of A masses ( m o n o m e r s ) 
separa ted f r o m each o the r by a d i s t ance d, w h i c h 
will be taken as cons tant t h r o u g h o u t th is w o r k . T h e 
ins tan taneous c o n f i g u r a t i o n of the m o l e c u l e is t h e n 
comple te ly de f ined by giving the b o n d ang les 9j a n d 
the torsional angles cpj. T h e r e is one c o m m o n p o t e n -
tial m i n i m u m for the b o n d angles, 9j = 90 (% 6 8 ° fo r 
polyethylene) , and t h r ee d i f f e r en t m i n i m a for the 
torsional angles, cpj=<Xj, wi th O / = 0 ° ( t rans con fo r -
ma t ion) or a j = ± 2 7r/3 (gauche c o n f o r m a t i o n s ) . F o r 
ma thema t i ca l conven ience we i m a g i n e t h e m o l e c u l e 
with one end b o u n d e d to a f ixed c o o r d i n a t e sys tem 
in such a way that we can associa te a lso wi th t h e 
first two m o n o m e r s the s a m e po ten t ia l well as fo r 
the others , namely , 

Uj = \ k0 [Oj - 90)2 + \ k v (<pj - a , ) 2 + C a „ (1) 

where = 0 or A if t h e / h b o n d is in the t r ans or 
gauche con fo rma t ion , respect ively. In a d d i t i o n we 
have m a d e a h a r m o n i c osci l la tor a p p r o x i m a t i o n fo r 
the local potent ia l energy. 

In o rde r to s impl i fy no ta t ions we i n t r o d u c e the 
general ized coord ina tes q r a p p r o p r i a t e fo r a n g u l a r 
oscil lat ions a r o u n d an e q u i l i b r i u m c o n f i g u r a t i o n 
a = (ai y.N), d e f i n e d by 

<7/ = tpj— a,-, y = l , . . . , A, tors ional m o d e s . ( 2 a ) 

qN+J = 0j-9 o, 7 = 1 , A , bond b e n d i n g m o d e s . 
( 2 b ) 

T h e total potent ia l energy will then be wr i t t en as 

2 N N 

^ = + X C ^ (3) 
7=1 ./= 1 

where k,= kv or k0 for j ^ A or j > N, respec t ive ly . 
To ob ta in the k ine t ic energy. K = m X in 

t e rms of q, we use the t r a n s f o r m a t i o n m a t r i c e s 
in t roduced by Flory [2], w h o shows tha t the C a r t e -
sian coordina tes of two consecut ive masses a l o n e 

the chain are re la ted by r, = r ;_, + r7 q. w h e r e 

tf = | 0 | , (4) r, = vi 
0 

TJ=T]T2...TJ (5) 

and 

(cosö, sin 0 \ 

sin Oj cos q>j - cos 6/ cos (pi sin tpj J. (6) 
sin Oj sin tp, - cos sin <p, - cos <pjj 

A s t ra igh t fo rward ca lcu la t ion leads to t h e fo l lowing 
expression for the k ine t ic energy of v ib ra t ion 
a round a given e q u i l i b r i u m conf igu ra t i on a , 1 1 N 

K = W £ Mjiqj qi. (7) 

where 
IN 3 ( 8 ) 

Mu=md2 Z X (z(iP)m \ [A + 1 — M a x {j, k)] 
j,k= 1 n = \ 

and 

T}° = di/dq,. 

T h e "mass t enso r " M,-/ d e p e n d s not only on i bu t 
also on all coord ina tes qi . . . q2N- W h e n w e substi-
tu te the Lagrang ian L = K— V into the Eu le r -La-
grange equa t ions we o b t a i n equa t ions of mo t ion 
wi th terms con ta in ing the der iva t ives of M. Since 
these te rms con ta in at least one factor of q j m o r e 
than the o thers and since we consider on ly small 
a m p l i t u d e osci l lat ions (</, <?; 1), they will be ne-
glected in the fol lowing. T h u s we are lef t wi th the 
fol lowing system of e q u a t i o n s of mot ion 

IN 

X Mi,q,+ kiqi=0, ; = 1 , . . . , 2 A . (9) 
/= l 

where the Mn are ca lcu la ted at the e q u i l i b r i u m 
angles, tpj = a, and 6/ = 9q. 

T h e system of Eqs. (9) will have non- t r iv ia l solu-
tions (normal modes ) wi th f r equenc ies k — 
1 2 A , if 

Det ( Wh — /.k du) = 0 

where 

IF,/ = M u / k j , /.k = 1 /co2
k -

(10) 

(11) 

i.e.. the no rma l f r equenc ie s cok are o b t a i n e d f r o m 
the e igenvalues of the ( m o d i f i e d ) mass tensor . 



III. Thermal Averages 

Since each bond may be found in any of 3 dif-
ferent conformations, the total n u m b e r of conf igura -
tions of the molecule is 3 N. Thus , even for a r a the r 
small molecule (we take A = 40 in the numer i ca l 
calculations presented below) an exact ca lcu la t ion 
of averages, where the cont r ibu t ion of every pos-
sible configurat ion is explicitly taken into account , 
is completely impractical . An obvious a p p r o x i m a -
tion procedure is to choose r andomly a n u m b e r of 
configurations, with the app rop r i a t e p robab i l i t y 
distribution, and then taking the a r i thme t i c ave rage 
of the results obtained for each conf igura t ion . How-
ever, since the Boltzmann d is t r ibut ion is t e m p e r a -
ture dependent , for each t empe ra tu r e va lue a new 
sample of configurat ions has to be selected and the 
corresponding mass tensors d iagonal ized . This 
method turns out to be exceedingly t ime c o n s u m i n g 
and, since it is impossible to use a very b ig sample , 
the results show very large f luctuat ions , d e p e n d i n g 
on the sample choice. In the fol lowing we presen t an 
alternative statistical m e t h o d which is m u c h less 
t ime consuming and much less d e p e n d e n t on the 
r andom choice of this sample. 

A quan tum mechanical state of a given conf igu ra -
tion with n gauches has energy 

2 N I 
E= X ticoA 

k= l \ 
nk + —\ + nA (12) 

T h e numbers nk, which we call " n u m b e r of p h o n o n s 
in mode k", obey Bose-Einstein statistics, wi th ex-
pectation value 

th exp {ß h ojk) -
(13) 

We def ine the conf igurat ional energy E a as tha t 
part of (12) which is independen t of the n u m b e r of 
phonons, i.e., 

1 
E,= X -ticok+nA (14) 

k=i 2 

and the phonon energy as 

2N 

Ep = X h nk. 
k=l 

(15) 

The inclusion of the zero-point energy in E 2 is 
necessary because, being conf igura t ion d e p e n d e n t , it 
has to be included in the Bol tzmann d i s t r ibu t ion for 

the configurat ions. T h e probabi l i ty that a conf igura-
tion i occurs is 

-PE* ~ßE, (16a ) 

where 
2 N 

- a ' = 1 1 (1 — exp(— h cok (a ' ) / ? ) ) " ' . 
k= 1 

Because the p robabi l i ty of a conf igura t ion is ma in ly 
de termined by the energies E x at low t e m p e r a t u r e s 
we will set z a = z%> = 1 in the fol lowing and use 

ßE, ( 1 6 b ) 

A conf igura t ion y. is character ized by n, the 
n u m b e r of gauches and by the precise k inds and 
posit ions of the gauches , which we represent gener i -
cally by ra, i.e., a = (n\m). Thus (16b) m a y be 
writ ten more explicitly as ^ ^ 

/ \ = -
exp {—ßn A) 

X e x p { — X exp { - ß j X h<Dk(n'\m')\ 

Our numerical calculat ions show that the sums 
appear ing in the exponents in (17), X ^ 03k {n \m) , 
are strongly d e p e n d e n t on n, the n u m b e r of gauches 
but only slightly d e p e n d e n t on their precise types 
and positions, m. F o r a r a n d o m choice of conf igura -
tions with a given n, the said sums are d i s t r ibu ted in 
a nar row band a r o u n d the average va lue 

SH = <LtiG>k(n-m))m. ( 1 8 ) 
k 

Accordingly, we will subst i tu te (17) by the approx i -
ma te expression 

p = p ^ exp{-ß(nA+S„/2)} 
* x — * (n:m) — 

X e x p { - ß ( n ' A + S J 2 ) } ' 
(19) 

For a given n the re exist 

2 nN\ 
Xn — 2" a — (N-n)\n\ 

(20) 

distinct conf igurat ions . Thus , the p robabi l i ty tha t a 
molecule is in a conf igura t ion with n gauches is 

Pn = XnP (n\m) 
X n exp •(— ß (nA + S„/2)} 

X Xn' e x P {-ß(n'A + S„./2)} 
. (21) 

In Fig. 1 we show the numer ica l results for Sn 

obta ined with a s ample of 10 conf igura t ions for 



Fig. 1. S0-Sn in units of h co0 as function of the number n 
of gauches, where ojk for the pure trans con-
figuration. For details, see text. 

each /7, and with TV = 4 0 , in the l imit ke= oo. As 
energy unit we use h co0, whe re 

km 
w 0 = 

mcl2 sin2 Oo 
(22) 

is the f requency of the single part icle osci l la tor asso-
ciated with the torsional potential well U = \ k^ (p2. 
For polyethylene this f requency is e s t ima ted to be 
^ 1013/s. Taking k0=o0 (in polye thylene kg> k0) 
is equivalent to fixing 0 = 00 = constant , as was done 
in the numerical calculat ions of [1]. As a conse-
quence we then have A, and not 2 A m o d e s and the 
mass tensors to be d iagonal ized are of o r d e r A. F o r 
a compar ison of the theory with expe r imen t it m a y 
turn out necessary to include also the 0-vibra t ions . 
For our present purpose of analyzing the qua l i t a t ive 
aspects of the results, however , this s impl i f i ed cal-
culation is sufficient. The l imi ta t ion to A m o d e s is 
m a d e in all numerical s tudies presented in this 
paper , a l though the theory is not restr icted to this 
case. If the even more energetic v ibra t ions , those of 
the bond length cl should be inc luded, then s o m e 
revision of the original theory would be r equ i r ed . In 
Fig. 1 the dots represent Sn for the r a n d o m l y select-
ed sample, the vertical lines represent the band -
width within which the values of X h c°k for the 
different conf igurat ions of the s ample are located. 
The continuous line is a h a n d - d r a w n " s m o o t h i n g " , 
which we believe to represent bet ter the values of S„ 
in the limit of large samples. In wha t fo l lows we use 
for Sn this smoothed value. 

IV. Specific Heat 

In Sect. Ill we d iv ided the energy of a molecu la r 
state in two parts, 

£ = £ , + £ p , (23) 

where the conf igura t ion energy £ x and the p h o n o n 
energy £ p are given by (14) and (15). W e def ine , ac-
cordingly, two specif ic heats, 

g 
C c = — < £ a > a (24) 

and 
6 F 

(25) 

where ( . . . ) a represents the average over conf igura-
tions and E p means that in (15) the n u m b e r of 
phonons is subst i tuted by its expecta t ion value n k , 
given by (12). Fol lowing the p rocedure out l ined in 
Sect. Ill, one obta ins 

and 

(Ey^y, X F n EC n 
n 

*\Fpyy X £p„, 

where 

£c„ = nA + Sn/2 

(26) 

(27) 

(28) 

and 

L £ p = - X I ' > 'P n~ - p ~ ^/^"LOkHk (29) 
Zn m X„ m k 

are the average conf igura t ion energy and the aver-
age phonon energy for the conf igura t ions with n 
gauches. This "par t ia l average" is p e r f o r m e d 
numerically by r andomly selecting / conf igura t ions , 
obtaining the cor responding cok s for each of t hem, 
and then taking the a r i thmet ic average over the 
values obta ined for E p . 

A s t ra ight forward calculat ion gives, for the con-
figurat ional specif ic heat , the expression 

C = 
knT1 1 IX-^C/IY>I ' (30) 

where ( . . . ) „ means i.e., average over all 
possible n u m b e r of gauches. It is interesting to note 
that C c is propor t iona l to the var iance of the con-
f igurat ion energy. Fo r the phonon specif ic heat one 
obtains 

(31) 

c T AR T 



T h e first t e rm a b o v e is the mos t i m p o r t a n t one . It 
is the only one which occurs w h e n , as in [1], t he 
t rans con f igu ra t ion is cons ide red exclus ively . T h e 
t e m p e r a t u r e de r iva t ive occur r ing in (31) m a y easi ly 
be o b t a i n e d f r o m (29) a n d (13), 

d E p " — — " £ 5 > 2 f l > i M f f * + ! ) • (32) 
ö T k*T2 Xn 

T h e second t e rm of (31) is a co r rec t ion p r o p o r t i o n a l 
to the cor re la t ion b e t w e e n the c o n f i g u r a t i o n a l a n d 
p h o n o n energies, w h o s e or ig in will b e m a d e c l ea re r 
in the next section. 

O u r numer ica l ca lcu la t ions were d o n e fo r a c h a i n 
of N = 40 m o n o m e r s . W e h a v e r a n d o m l y se lec ted 
X = 10 conf igu ra t ions fo r each n u m b e r n = 1 to 40 of 
gauches . F o r the physica l p a r a m e t e r s w e h a v e 
chosen the values a p p r o p r i a t e to p o l y e t h y l e n e , 
n a m e l y [2] 0„ = 6 8 ° , A/kB b e t w e e n 200 K a n d 300 K 
and co0 ~ 1013/s. T h e i m p o r t a n t p a r a m e t e r f o r o u r 
ca lcula t ions is the r a t i o IICOQ/A, w h i c h can b e esti-
m a t e d to lie s o m e w h e r e b e t w e e n 0.2 a n d 0.5. In 
Fig. 2 we show the c o n f i g u r a t i o n a l spec i f i c h e a t C c , 
o b t a i n e d f r o m (30) fo r s o m e va lues in th is r ange . In 
the l imi t h co0/A 0 t he c o n t r i b u t i o n of Sn to C c 

vanishes , and we recover the resul t o b t a i n e d in [1], 
wh ich is also s h o w n in Fig. 2 fo r c o m p a r i s o n . W e 
can see tha t for t he real is t ic va lues of t he p a r a m -
eters t he con t r i bu t ion of the zero p o i n t ene rgy is n o t 
negl igible . 
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Fig. 2. Configurational specific heat per bond versus tem-
perature, for several values of the parameter hco0/A, 
namely 0.2, 0.3, 0.4 and 0.5 for curves A, B, C and D 
respectively. Curve O is the extreme case studied in [1], 
where Sn is neglected in the Boltzmann factor, which is 
correct in the limit h co0/A = 0. 
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Fig. 3. Phonon specific heat per bond versus temperature 
in units of T0 = h co0/kB, for several values of the par-
ameter A/h co0, namely 2.5, 5.0, 10.0 and 20.0 for curves a, 
b, c and d. Curve e applies to the pure trans configuration, 
studied in [1], which corresponds to the limit A -> oc. 

In Fig. 3 the p h o n o n spec i f i c hea t C p , o b t a i n e d 
f r o m (31), is shown . H e r e t h e na tu r a l un i t of t e m -
p e r a t u r e is F 0 = h coo/kB a n d t he curves c o r r e s p o n d 
to d i f f e r en t va lues of t he r a t i o A/h a>0. S o m e very 
large va lues of A h a v e b e e n i nc luded to s h o w h o w 
the curves tend to t he l imi t A cc, w h i c h cor-
re sponds to the p u r e t r ans c o n f i g u r a t i o n , c a l cu l a t ed 
in [1], In Fig. 4 we h a v e p lo t t ed s epa ra t e ly t he f irst 
t e r m of (31) a n d the c o r r e l a t i o n d e p e n d e n t cor rec-
t ion. F ina l ly , we s h o w in Fig . 5 t he tota l spec i f i c 
hea t C c + C p , f o r v a r i o u s va lues of hcoo/A, us ing 
aga in A/kß as uni t of t e m p e r a t u r e . 

V. Average Density of S ta tes and Discuss ion 

In [1] the dens i ty of s ta tes £>(a>) was d e f i n e d fo r a 
g iven con f igu ra t i on . F r o m the n u m e r i c a l resul t s f o r 
the p u r e t rans c o n f i g u r a t i o n o n e sees tha t , f o r no t 
too small N, the dens i ty of s ta tes p e r b o n d Q(CO)/N 
is v i r tual ly i n d e p e n d e n t of N. T h i s o b s e r v a t i o n 
al lows us to work wi th m o d e r a t e va lues of N a n d to 
ex t rapo la te the resul ts to the case of very long 
chains . N o w we a re c o n s i d e r i n g an e n s e m b l e of 
molecu les in t h e r m a l e q u i l i b r i u m . T h u s , w h a t we 
need in o r d e r to ca l cu l a t e t h e r m o d y n a m i c a l q u a n t i -
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Fig. 5. Total specific heat per bond for several values of 
the parameter hco0/A, namely 0.2, 0.3, 0.4 and 0.5 for 
curves A. B. C and D. respectively. 

ties, is a density of states Q(CO), a v e r a g e d ove r all 
possible conf igura t ions , with p r o b a b i l i t y d i s t r i b u -
tion given by (21). Th i s has been o b t a i n e d fo r t h e 
sample descr ibed in the p rev ious sect ion. U s i n g 
/ = 10 distinct con f igu ra t i ons for any n u m b e r n of 

gauches and A = 40 no rma l m o d e s per c o n f i g u r a -
tion. we obta in 400 no rma l f r equenc i e s fo r each n 
(except for n = 0. s ince the p u r e t rans c o n f i g u r a t i o n 
is un ique , giving only A f requenc ies ) . Ne x t we 
count the n u m b e r of f r equenc ie s in the a r b i t r a r y 
(but small) interval Aco, a r o u n d co, d i v i d e the resul t 
by the n u m b e r / of con f igu ra t ions and by Aco, 
mult ip ly by Pn g iven by (21) and s u m over all 
values of n. Since Pn is t e m p e r a t u r e d e p e n d e n t , t h e 
last two steps have to be r epea ted for all t e m p e r a -
tures of interest. Wi th this p r o c e d u r e we o b t a i n t h e 
dots shown on the g r a p h s of F igu re 6. T h e con-
t inuous lines a re h a n d d r a w n smoo th ings , w h i c h we 
bel ieve to a p p r o x i m a t e be t te r the dens i ty of s ta tes 
of a very long cha in , a n d / o r b igger samples , for 
which the "no i se" , d e p e n d e n t on o u r a r b i t r a r y 
choice of the in tervals Aco, is au toma t i ca l l y s m o o t h -
ed out due to the presence of a m u c h b igger n u m b e r 
of normal f requencies . 

All g raphs of Fig. 6 a re done for A/h coo= 2.5. It 
is interesting to no te how the f o r m of Q(CO) c h a n g e s 
with t empera tu re : F o r larger T the cen te r of g rav i ty 
of the curves shif ts to the left , increas ing the dens i ty 
of states at lower f requenc ies . Th i s fac t a l lows us to 
unders tand the b e h a v i o u r of the p h o n o n spec i f i c 
heat ob ta ined in the p rev ious section. T h e ave rage 
value of the p h o n o n energy, as g iven by (27) a n d 

Fig. 6. Average density of states q(co) for the case A/h co0 
= 2.5. for several values of the reduced temperature T/T0, 
where T0 = h co0/kB. For details, see text. 



(29), may be writ ten as 

= j dco q (co) h co n (co) (33) 

with Fi(co) given by (13). The p roduc t co n(co) is a 
monotonically decreas ing funct ion of co, for f ixed 
t empera tu re and a monotonica l ly increasing func-
tion of t empera tu re for f ixed co. Thus , a l though for 
a fixed conf igura t ion (i.e., g(co) i ndependen t of T), 
the average phonon energy increases with T only 
because n (co) increases, al lowing an equ i l ib r ium 
dis t r ibut ion for the conf igura t ions the integral of 
the product co n (co) g (CO) will increase even m o r e 
rapidly because g(co) will shift towards the region 
of small co, where cog(co) is bigger. This effect is 
more pronounced for smaller values of A and 
vanishes in the limit A -> oc, for which only the 
trans conf igura t ion is a l lowed, in ag reemen t with 
the numerical results shown in F igure 3. 

By di f ferent ia t ing (33) with respect to the tem-
perature, one obta ins the phonon specif ic heat in 
terms of g(co), 

C p = j dco ti co 
dn(co) 00 (co) 

g(co) ———h n (co) 
dT 6 F 

(34) 

It is clear that the first and second te rms of the 
integrand correspond, respectively, to the first and 
second terms of (31). O n e sees now tha t the correla-
tion term of (31) comes f r o m the var ia t ion of ö(co) 
with tempera ture . 

As a conclusion, based on our numer ica l results, 
we can say that the in t roduc t ion of an equ i l i b r ium 
distr ibut ion of conf igura t ions p roduces a non negli-
gible change of the speci f ic heat as well as of the 
density of states, in compar i son with the results 
obtained in [1] for the p u r e trans conf igura t ion . A 
next step in improv ing the theory consists in taking 
into account the in teract ion of the molecule wi th 
the solvent, a p rob l em which is presently unde r 
study. 

Eventually we would like to m a k e s o m e c o m p a r a -
tive remarks with respect to the p r o b l e m of steric 
contraints in connect ion with the pa th integral 
formal ism usually app l i ed to macromolecu les [5]. 
The set of conf igura t ions [[n; m]} has been de f ined 
below (16b) . However , not all such conf igura t ions 
may be realizable in real space d u e to the self 
avoiding walk constraints on the po lymer molecule ' s 
configurat ions leading to the excluded vo lume ef-
fect. In addi t ion those conf igura t ions {[«; m]'} which 

are realizable may requ i re add i t iona l in te rac t ion 
terms in (1) due to self contact on account of f in i te 
ampl i tude oscillations. Obvious ly t he re fo re the 
present app rox ima t ion cor responds to a r a n d o m 
walk of fixed step length d and r a n d o m bu t s h a r p 
torsional angles a7 = 0, ± 2 n/3, because the coord i -
nate dependence of the mass tensor M,, is neglected 
as pointed out below (8). However , d u e to the zero-
point energy dependence of the conf igu ra t iona l 
probabil i ty FV, a long range in teract ion is es tab-
lished along the po lymer molecule . Th i s leads to 
non-Markovian proper t ies of the r a n d o m walk. In 
the present app rox ima t ion , where the b a n d wid th of 
the quant i t ies leading to the average Sn is neglected 
the memory just stores n, the n u m b e r of gauches . 

The next bet ter a p p r o x i m a t i o n to use wou ld be to 
take the mass tensor M u to be d e p e n d e n t on the 
2 A (2 A + 2) /2 correlation funct ions <qn Knm (a) qm), 
evaluated for fixed conf igura t ion a and T. He re 
K n m (y ) is ob ta ined f r o m (8). Because wi th increas-
ing A small a m p l i t u d e and slow f luc tua t ions at 
one bond lead to large a m p l i t u d e and fast f luc tua-
tions in the coord ina tes of d is tant b o n d s ( m e a s u r e d 
along the molecule) large a m p l i f i c a t i o n will occur 
for some modes. It is obv ious the re fo re , tha t self 
contact in the present mode l is essentially d y n a m i -
cally generated and for very large A, i.e., A 40 
must be taken into account at all T, via add i t i ona l 
terms to (1). However , now the p r o b l e m is t ha t fo r a 
given [n\ m] many possible add i t iona l e q u i l i b r i u m 
states exist (except for n/N < 1) which a re r eached 
physically th rough slow worml ike m o t i o n of the 
polymer molecule. Fo r each such s tate severe non-
linear constraints must be imposed on the p h o n o n 
problem (e.g. jo in t mot ion of en t ang lemen t po in ts ) 
in order not to overcount the degrees of f r e e d o m of 
the system. As a ma t t e r of fact wi th in the presen t 
t reatment of the p rob l em the whole phase space 
belonging to these add i t iona l e q u i l i b r i u m states for 
a given [n \ m] is covered by the ha rmonica l ly exci ted 
phonons f rom the respect ive g rounds t a t e repre-
sented by [n\ m] itself. It fol lows f r o m this tha t the 
present app rox ima t ion is useful , over the whole 
tempera ture range, only for small A or p a r a f f i n 
molecules, whereas for large A and in the h igh t em-
perature l imit it cor responds a p p r o x i m a t e l y to the 
free r andom walk a p p r o x i m a t i o n in p o l y m e r phys-
ics. The low t e m p e r a t u r e regime, however , is 
treated in a more accura te f a sh ion by the present 
method. An improved version of the present t reat-



ment with the pu rpose to take the topological con-
straints into account consists in m o d i f y i n g (20) by 
means of a pseudopoten t ia l d e p e n d i n g on [n\ tn]. 
This then leads to a m o r e complex m e m o r y effect 
and in the high t e m p e r a t u r e l imit the p r o c e d u r e 
may be equivalent to the one used in the pa th 
integral formal ism. 

The interesting result of the present s tudy is tha t 
the specific heat of the p h o n o n system is con f igu ra -
tion dependent as impl ied by the second t e rm of 
(31) or (34). F r o m this fol lows tha t with increas ing 
F the approx imat ion leading f r o m (16a) to ( 1 6 b ) 
may break down, and taking z r =t= ra- into account 
may lead to an ampl i f i ca t ion of this effect . In the 
latter case the n o n - M a r k o v i a n p roper ty of the p rob-
ability dis t r ibut ion is a m p l i f i e d with increas ing 
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T and therefore the long range in terac t ions a long 
the polymer molecule as media ted by the p h o n o n s 
may lead to observable effects. In case such effects 
also survive in the presence of a solvent then this 
may have interesting consequences for the conf igu-
rational properties of the polymer molecu le at the 9 
temperature . Because at that t e m p e r a t u r e the stat ic 
propert ies of the po lymer molecule are just inde-
pendent of the topological constraints ignored in the 
present study, the p h o n o n effects on the conf igura -
tional distr ibution as predicted a b o v e may b e c o m e 
important . Studies to de te rmine the conf igu ra t iona l 
observables of a po lymer molecu le wi th in the 
present theory are in progress. 
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